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Pocitacie ulohy

kolko sledov dizky k vedie medzi s a t?
kolko ciest vedie medzi s a t?

v kolkych podgrafoch je cesta medzi s a t?
kolko kostier ma dany graf?

kolko parovani ma dany graf?

kolko 2-farbeni ma dany graf?

kolko rieeni m3a dany 2-SAT?
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FP, #P

e definujme ,potitacie” triedy funkcii f:{0,1}* — N analogické
P,NP:
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FP, #P

e definujme ,potitacie” triedy funkcii f:{0,1}* — N analogické
P,NP:

Definicia (FP)

f € FP, ak f vieme vypo&itat v polynomidlnom &ase.

Definicia (#P)

f € #P, ak f je polet akceptacnych vypoctov nejakého
polynomalneho NTS.
Jpoly TS D, polyném p: f(x) =#{y € {0,1}?™) | D(x,y) = 1}
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FP, #P vs. P, NP

o FP£#P 77
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FP, #P vs. P, NP

o FP#£#P 77
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FP, #P vs. P, NP

o FP#£#P 77
o FP=#P — P=NP
o FP =#P <= P =NP 77 (nevie sa)
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#P-Gplnost

Definicia (#P-dplnost)

Funkcia f je #P-iplna, ak je v #P a #P C FP.
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#P-uplne problémy

o kolko sledov dizky k vedie medzi s a t?
@ kolko kostier ma dany graf?
o kolko 2-farbeni ma dany graf?

eFP
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#P-uplne problémy

o kolko sledov dizky k vedie medzi s a t?
@ kolko kostier ma dany graf?
o kolko 2-farbeni ma dany graf?
€ FP
e kolko ciest vedie medzi s a t?
@ v kolkych podgrafoch je cesta medzi s a t?
@ kolko parovani ma dany graf?
@ kolko rieseni ma dany 2-SAT?

st #P-uplné
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#P-uplne problémy

@ F#SAT je #P-lplny.

.....
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#P-uplne problémy
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#P-uplne problémy

@ #SAT je #P—ﬁpln}'/

.....

@ Funkcia perm na maticiach nad Z, je #P-uplna.

Definicia (permanent)

Permanent n x n matice A definujeme ako

perm(A) = Z HA, a(i)-

oecS, i
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ALL

REC

EXP

PSPACE = NPSPACE

P/poly

coNP NP

BPP ‘

/ \

coRP. RP
~_ b _—

NL = coNL

|
L
\
REG

e Aky je vztah PH a #P?
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Veta (Toda)

VSetky problémy v PH vieme vyrie$it pomocou jedinej otazky na
F#SAT.
PH C P#P.
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Unique SAT
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Unique SAT
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Unique SAT
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Unique SAT

@ SAT mdZe mat 0...2" rieden{
@ USAT je SAT, pricom mame sltibené, Ze ¢ ma 0 alebo 1
riedenie

Ay

@ je USAT ,lahky"7
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Unique SAT

@ SAT mdZe mat 0...2" riegen{

@ USAT je SAT, pricom mame sltibené, Ze ¢ ma 0 alebo 1
rieSenie

@ je USAT ,lahky"7
@ je USAT NP-Gplny? aspofi pri Turingovskej redukcii?
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Unique SAT

Veta (Valiant, Vazirani)

NP C RPUSAT
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Unique SAT

Veta (Valiant, Vazirani)

NP C RPUSAT
USar € P => NP =RP
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Unique SAT

Veta (Valiant, Vazirani)

NP C RPUSAT
USar € P => NP =RP
Sat <P USar
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Unique SAT

Veta (Valiant, Vazirani)

NP C RPYSAT
USAT € P = NP =RP
Sat <P USar
3 PPT algoritmus f taky, Ze
e ¢ € SAT = Pr[f(¢) € USAT] >1/8n

® ¢ ¢ SAT = f(¢) ¢ SAT
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Lema

Lema (Izola&na lema, Valiant, Vazirani)

e i — trieda po dvoch nezavislych hasovacich funkcii
{0,1}7 - {0,1}*

o 5C{0,1}", 3-2¢<|S[ < 5-2F

® Prhcpi,, [F'x €S h(x)= 0] >1/8.

B Dokaz.
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Lema

Lema (Izola&na lema, Valiant, Vazirani)

e i — trieda po dvoch nezavislych hasovacich funkcii
{0,1}" — {0,1}*

o SC{0,1}", -2k <5< 3.2k

® Prycpi, [31x €S : h(x)=0+>1/8.

H Dokaz.
o nech p=Prpc, [h(x) = 0K =2k
@ nech N = potet x € S: h(x) =0k
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Lema

Lema (Izola&na lema, Valiant, Vazirani)

e i — trieda po dvoch nezavislych hasovacich funkcii
{0,1}" — {0,1}*

o SC{0,1}", -2k <5< 3.2k

® Prycpi, [31x €S : h(x)=0+>1/8.

B Doékaz.
o nech p="Prpe,z, [h(x) = 0k =27k
@ nech N = potet x € S: h(x) =0k
o E[N]=ISlp€ls:3
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Lema
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W Dokaz.
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Lema

Lema (Izola&na lema, Valiant, Vazirani)

e i — trieda po dvoch nezavislych hasovacich funkcii
{0,1}" — {0,1}*

o SC{0,1}", -2k <5< 3.2k

® Prycpi, [31x €S : h(x)=0+>1/8.

B Dokaz.

o nech p="Prpe,z, [h(x) = 0k =27k

o nech N = potet x € S : h(x) = 0¥

o E[N]=1Slp€ 3.3
Pr[N =0] <1—|S|p+ (13)p? (princip inklizie, exklizie)
Pr[N >2] < (“g‘) (union bound)
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Lema

Lema (Izola&na lema, Valiant, Vazirani)

e i — trieda po dvoch nezavislych hasovacich funkcii
{0,1}" — {0,1}*

o SC{0,1}", -2k <5< 3.2k

® Prycpi, [31x €S : h(x)=0+>1/8.

B Dokaz.
o nech p="Prpe,z, [h(x) = 0k =27k
o nech N = potet x € S : h(x) = 0¥
o E[N]=|Slpelz.3
Pr[N =0] <1—|S|p+ (13)p? (princip inklizie, exklizie)
Pr[N >2] < (“g‘) (union bound)
= Pr[N=1] > |5|p(1-|S|p) >1/8
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Unique SAT

M Dokaz.
e ker{2,...,n+1} a her J, «
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Unique SAT

W Doékaz.
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Unique SAT

W Doékaz.
e ker{2,...,n+1} a her J, «
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Unique SAT

B Doékaz.
© ker{2,...,n+1} a her I,
o s pp. 1/n bude 2k-2 < |S| < 2k—1
e a vtedy s pp. 1/8 existuje jediné x: h(x) = 0¥

o nech 7(x,y) je formula kédujica , h(x) = 0"
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Unique SAT

W Doékaz.
© ker{2,...,n+1} a her I,
o s pp. 1/n bude 2k-2 < |S| < 2k—1
e a vtedy s pp. 1/8 existuje jediné x: h(x) = 0¥
o nech 7(x,y) je formula kédujica , h(x) = 0"
e vysledok: = ¢(x) A 1(x,y)
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Unique SAT

3 PPT algoritmus f taky, Ze
e ¢ € SAT = Pr[f(¢) € USAT] >1/8n
@ @ ¢ SAT = f(¢) ¢ SAT
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oP

Q>
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3 PPT algoritmus f taky, Ze
e ¢ € SAT = Pr[f(¢) € USAT] >1/8n
@ @ ¢ SAT = f(¢) ¢ SAT
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3 PPT algoritmus f taky, Ze
@ ¢ € SAT = Pr[f(¢) € ®SAT| >1/8n
® ¢ ¢ SAT = f(¢) ¢ BSAT
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3 PPT algoritmus f taky, Ze
® ¢ € SAT = Pr[f(¢) € ®SaT]| >1-1/2™
® ¢ ¢ SAT = f(¢) ¢ BSAT
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Vk 3 PPT algoritmus f taky, Ze
° Y€ X SAT = Pr[f(y) € &SAT| >1-1/2™
o Yy ¢ X, SAT = Pr[f(y) € ®SAT| <1/2™.
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AN A A
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[9-¥I(x,y) = () Ay(y)

o = = = = 9acn
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[0+ y](x,y.2) =[zA0(x /\/\"_)/_,]V[—'Z/\l[/ /\/\_‘Xl

J

= 9ac
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[0 +1](x,2) =2V (-2A (X))

o = = = = 9ac
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V=[(y1+1)(ya+1)-(wr+1)+1]
wde R — 8nm

Hac
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V=[(yi+1)(y2+1)---(Yr+1)+1]
kde R =8nm

WV € BSAT <= Ji : y; € BSAT
—spp. 1—(1-1/8n)8mM>1—em
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Vk 3 PPT f:

@ Yy € X SAT = Pr[f(y) € &SaT] >1—-1/2"
o y ¢ X, SAT = Pr[f(y) € &SaT] <1/2™.
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B Dékaz.
@ nech ¢ = 3x: y(x), kde y je MN,_1-formula
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B Dokaz.
@ nech ¢ = 3x: y(x), kde y je MN,_1-formula
@ z |IP dostaneme y+— p
o p(x) € ®SAT <= y(x) (s pp. > 1—27(m+1)
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B Dokaz.
@ nech ¢ = 3x: y(x), kde y je MN,_1-formula
@ z |IP dostaneme y+— p
o p(x) € ®SAT <= y(x) (s pp. > 1—27(m+1)
° pouiijeme VV-redukciu K = 16nm-krat:

V= \/p X)AT(x,y) =[(p1 +1)(p2+1)---(pk +1) +1].

/

Pj
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W Doékaz.

@ nech ¢ = 3x: y(x), kde y je MN,_1-formula
@ z |IP dostaneme y+— p

o p(x) € ®SAT <= y(x) (s pp. > 1—27(m+1)
° pouiijeme VV-redukciu K = 16nm-krat:

V= \/p X)AT(x,y) =[(p1 +1)(p2+1)---(pk +1) +1].

/

Pj

e ak Ix:p(x), tak W € &SAT s pp. > 1—2-(m+1) §nak
U ¢ OSAT.
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W Doékaz.

@ nech ¢ = 3x: y(x), kde y je MN,_1-formula
@ z |IP dostaneme y+— p

o p(x) € ®SAT <= y(x) (s pp. > 1—27(m+1)
° pouiijeme VV-redukciu K = 16nm-krat:

V= \/p X)AT(x,y) =[(p1 +1)(p2+1)---(pk +1) +1].

/

Pj

e ak Ix:p(x), tak W € &SAT s pp. > 1—2-(m+1) §nak
U ¢ OSAT.

@ chyba méZe nastat pri prevode ¥ — p a pri VV-reduckii, obe
< 2~ (m+1)

g
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PH c BPP®P
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Todova veta

Veta (Toda)
PH C P#P.
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Todova veta

Veta (Toda)
PH C P#P.

o NP C RPUSAT,
o PHC BPP®F,
o PH C P#P.
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Existuje polyném p(x) € Z[x] taky, Ze
@ ak n=0(mod m), tak p(n) =0 (mod m?) a
@ ak n+1=0(mod m), tak p(n)+1=0 (mod m?).
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Existuje polyném p(x) € Z[x] taky, Ze
@ ak n=0(mod m), tak p(n) =0 (mod m?) a
@ ak n+1=0(mod m), tak p(n)+1=0 (mod m?).

M Dékaz. p(x)=3x*+4x3
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Ak n=m-k, tak
p(n) = m* x (3m*k* + 4mk3)
Ak n=m-k—1, tak

p(n) =3(m*k* —4m3k> +-6m*k® — Amk + 1)
+4(m3k3 —3m2k% +3mk — 1)
=m?x (3m?k* —8mk> 4+ 6k?) —1
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3 deterministicka poly-time transformdcia, ktord ku kaZdej formule
WV vyrobi N\, pricom

o Ve @®SAT = #V =—1(mod2) = #A = —1(mod2"), ale
o V¢ @SAT = #W =0 (mod 2) = #A =0 (mod 2°).
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3 deterministicka poly-time transformdcia, ktord ku kaZdej formule
WV vyrobi N\, pricom

o Ve @®SAT = #V =—1(mod2) = #A = —1(mod2"), ale
o V¢ @SAT = #W =0 (mod 2) = #A =0 (mod 2°).

M Doékaz. Vo=V, V; ; =[4V3+3V% a A= Wiiog - O

72/74



Veta (Toda)

PH C P#P.

B Dokaz.

e NTS M(¢):
nedeterministicky zvoli postupnost r dfiky R
spusti redukciu f, z Lemy 1 (m = 2),
dostane formulu V,

-----

nedeterministicky zvoli rieSenie x
o overi, & je A,(x) a podla toho akceptuje.

@ kolko akceptagnych vypo&tov ma M(¢)?
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@ ¢ = pre aspoti 3/4 r-iek W, ® SAT = #A, = —1 (mod 2°)
= #M(9) € [-2F, - 72F]
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@ ¢ = pre aspoti 3/4 r-iek W, ® SAT = #A, = —1 (mod 2°)
= #M(¢) € [-2F,—32F]

@ —¢ = pre najviac 1/4 r-iek ¥, @ SAT — #N\, = —1
(mod 2°) = #M(9) € [—32F,0]
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