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Poč́ıtacie úlohy

kol’ko sledov d́lžky k vedie medzi s a t?

kol’ko ciest vedie medzi s a t?

v kol’kých podgrafoch je cesta medzi s a t?

kol’ko kostier má daný graf?

kol’ko párovańı má daný graf?

kol’ko 2-farbeńı má daný graf?

kol’ko riešeńı má daný 2-SAT?
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kol’ko sledov d́lžky k vedie medzi s a t?

kol’ko ciest vedie medzi s a t?

v kol’kých podgrafoch je cesta medzi s a t?

kol’ko kostier má daný graf?
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kol’ko sledov d́lžky k vedie medzi s a t?

kol’ko ciest vedie medzi s a t?

v kol’kých podgrafoch je cesta medzi s a t?

kol’ko kostier má daný graf?
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FP, #P

definujme
”
poč́ıtacie“ triedy funkcíı f : {0,1}∗→ N analogické

P,NP:

Defińıcia (FP)

f ∈ FP, ak f vieme vypoč́ıtat’ v polynomiálnom čase.

Defińıcia (#P)

f ∈#P, ak f je počet akceptačných výpočtov nejakého
polynomálneho NTS.
∃poly TS D, polynóm p: f (x) = #{y ∈ {0,1}p(x) | D(x ,y) = 1}
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P,NP:
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FP, #P vs. P, NP

FP 6= #P ??

FP = #P =⇒ P = NP

FP = #P ⇐= P = NP ?? (nevie sa)

14 / 74



FP, #P vs. P, NP

FP 6= #P ??

FP = #P =⇒ P = NP

FP = #P ⇐= P = NP ?? (nevie sa)

15 / 74



FP, #P vs. P, NP

FP 6= #P ??

FP = #P =⇒ P = NP

FP = #P ⇐= P = NP ?? (nevie sa)

16 / 74



#P-úplnost’

Defińıcia (#P-úplnost’)

Funkcia f je #P-úplna, ak je v #P a #P⊆ FPf .
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#P-úplne problémy

kol’ko sledov d́lžky k vedie medzi s a t?

kol’ko kostier má daný graf?

kol’ko 2-farbeńı má daný graf?

∈ FP

kol’ko ciest vedie medzi s a t?

v kol’kých podgrafoch je cesta medzi s a t?

kol’ko párovańı má daný graf?

kol’ko riešeńı má daný 2-SAT?

sú #P-úplné
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#P-úplne problémy

#Sat je #P-úplný.

väčšina NP-úplných problémov má #P-úplnú poč́ıtaciu verziu

Funkcia perm na maticiach nad Z2 je #P-úplná.

Defińıcia (permanent)

Permanent n×n matice A definujeme ako

perm(A) = ∑
σ∈Sn

∏
i

Ai ,σ(i).
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P

RPcoRP

NPcoNP

BPP

P/poly

PSPACE = NPSPACE

EXP

REC

ALL

L

NL = coNL

REG

Aký je vzt’ah PH a #P?
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Todova veta

Veta (Toda)

Všetky problémy v PH vieme vyriešit’ pomocou jedinej otázky na
#Sat.
PH⊆ P#P.
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Unique SAT
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Unique SAT

Sat môže mat’ 0 . . .2n riešeńı

USat je Sat, pričom máme sl’́ubené, že φ má 0 alebo 1
riešenie

je USat
”
l’ahký“?

je USat NP-úplný? aspoň pri Turingovskej redukcíı?

26 / 74



Unique SAT
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Unique SAT

Veta (Valiant, Vazirani)

NP⊆ RPUSAT

USat ∈ P =⇒ NP = RP
Sat≤P

r USat
∃ PPT algoritmus f taký, že

φ ∈ Sat =⇒ Pr[f (φ) ∈USat]≥ 1/8n

φ /∈ Sat =⇒ f (φ) /∈ Sat
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Lema

Lema (Izolačná lema, Valiant, Vazirani)

Hn,k – trieda po dvoch nezávislých hašovaćıch funkcíı
{0,1}n→{0,1}k

S ⊆ {0,1}n, 1
4 ·2

k ≤ |S | ≤ 1
2 ·2

k

Prh∈RHn,k
[∃!x ∈ S : h(x) = 0k ]≥ 1/8.

�Dôkaz.

nech p = Prh∈RHn,k
[h(x) = 0k ] = 2−k

nech N = počet x ∈ S : h(x) = 0k

E [N] = |S |p ∈ [14 ,
1
2 ]

Pr[N = 0]≤ 1−|S |p+
(|S |
2

)
p2 (prinćıp inklúzie, exklúzie)

Pr[N ≥ 2]≤
(|S |
2

)
p2 (union bound)

=⇒ Pr[N = 1]≥ |S |p(1−|S |p)≥ 1/8

�
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�Dôkaz.

nech p = Prh∈RHn,k
[h(x) = 0k ] = 2−k
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�Dôkaz.

nech p = Prh∈RHn,k
[h(x) = 0k ] = 2−k
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Lema (Izolačná lema, Valiant, Vazirani)

Hn,k – trieda po dvoch nezávislých hašovaćıch funkcíı
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Unique SAT

�Dôkaz.

k ∈R {2, . . . ,n+ 1} a h ∈R Hn,k

s pp. 1/n bude 2k−2 ≤ |S | ≤ 2k−1

a vtedy s pp. 1/8 existuje jediné x : h(x) = 0k

nech τ(x ,y) je formula kódujúca
”
h(x) = 0k“

výsledok: ψ ≡ φ(x)∧ τ(x ,y)

�
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Unique SAT

Veta

∃ PPT algoritmus f taký, že

φ ∈ Sat =⇒ Pr[f (φ) ∈USat]≥ 1/8n

φ /∈ Sat =⇒ f (φ) /∈ Sat
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⊕P
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⊕P

Veta

∃ PPT algoritmus f taký, že

φ ∈ Sat =⇒ Pr[f (φ) ∈USat]≥ 1/8n

φ /∈ Sat =⇒ f (φ) /∈ Sat
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⊕P

Veta

∃ PPT algoritmus f taký, že

φ ∈ Sat =⇒ Pr[f (φ) ∈ ⊕Sat]≥ 1−1/2m

φ /∈ Sat =⇒ f (φ) /∈ ⊕Sat
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⊕P

Veta

∀k ∃ PPT algoritmus f taký, že

ψ ∈ ΣkSat =⇒ Pr[f (ψ) ∈ ⊕Sat]≥ 1−1/2m

ψ /∈ ΣkSat =⇒ Pr[f (ψ) ∈ ⊕Sat]≤ 1/2m.
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M

N
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M
N
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[φ ·ψ](x ,y)≡ φ(x)∧ψ(y)
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[φ + ψ](x ,y ,z)≡ [z ∧φ(x)∧
∧
j

¬yj)]∨ [¬z ∧ψ(y)∧
∧
i

¬xi )]

55 / 74



[φ + 1](x ,z)≡ z ∨ (¬z ∧φ(x))
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Ψ = [(ψ1 + 1)(ψ2 + 1) · · ·(ψR + 1) + 1]

kde R = 8nm

Ψ ∈ ⊕Sat⇐⇒∃i : ψi ∈ ⊕Sat

→ s pp. 1− (1−1/8n)8nm ≥ 1− e−m
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Lema 1

Lema (1)

∀k ∃ PPT f :

ψ ∈ ΣkSat =⇒ Pr[f (ψ) ∈ ⊕Sat]≥ 1−1/2m

ψ /∈ ΣkSat =⇒ Pr[f (ψ) ∈ ⊕Sat]≤ 1/2m.

59 / 74



Lema 1

�Dôkaz.

nech φ = ∃x : ψ(x), kde ψ je Πk−1-formula

z IP dostaneme ψ 7→ ρ

ρ(x) ∈ ⊕Sat⇐⇒ ψ(x) (s pp. ≥ 1−2−(m+1))

použijeme VV-redukciu K = 16nm-krát:

Ψ =
K∨
j=1

ρ(x)∧ τj(x ,y)︸ ︷︷ ︸
ρ ′j

= [(ρ
′
1 + 1)(ρ

′
2 + 1) · · ·(ρ

′
K + 1) + 1].

ak ∃x : ρ(x), tak Ψ ∈ ⊕Sat s pp. ≥ 1−2−(m+1), inak
Ψ /∈ ⊕Sat.

chyba môže nastat’ pri prevode ψ 7→ ρ a pri VV-reduckii, obe
≤ 2−(m+1)

�
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ak ∃x : ρ(x), tak Ψ ∈ ⊕Sat s pp. ≥ 1−2−(m+1), inak
Ψ /∈ ⊕Sat.

chyba môže nastat’ pri prevode ψ 7→ ρ a pri VV-reduckii, obe
≤ 2−(m+1)
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�Dôkaz.

nech φ = ∃x : ψ(x), kde ψ je Πk−1-formula

z IP dostaneme ψ 7→ ρ

ρ(x) ∈ ⊕Sat⇐⇒ ψ(x) (s pp. ≥ 1−2−(m+1))
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Lema 1

PH⊆ BPP⊕P[1]
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Todova veta

Veta (Toda)

PH⊆ P#P.

NP⊆ RPUSAT.

PH⊆ BPP⊕P.

PH⊆ P#P.
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Lema

Existuje polynóm p(x) ∈ Z[x ] taký, že

ak n ≡ 0 (mod m), tak p(n)≡ 0 (mod m2) a

ak n+ 1≡ 0 (mod m), tak p(n) + 1≡ 0 (mod m2).

�Dôkaz. p(x) = 3x4 + 4x3
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Ak n = m ·k , tak

p(n) = m2× (3m2k4 + 4mk3)

Ak n = m ·k−1, tak

p(n) = 3(m4k4−4m3k3 + 6m2k2−4mk + 1)

+ 4(m3k3−3m2k2 + 3mk−1)

= m2× (3m2k4−8mk3 + 6k2)−1

�
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Lema

∃ deterministická poly-time transformácia, ktorá ku každej formule
Ψ vyrob́ı Λ, pričom

Ψ ∈ ⊕Sat =⇒ #Ψ≡−1 (mod 2) =⇒ #Λ≡−1 (mod 2`), ale

Ψ /∈ ⊕Sat =⇒ #Ψ≡ 0 (mod 2) =⇒ #Λ≡ 0 (mod 2`).

�Dôkaz. Ψ0 = Ψ, Ψi+1 = [4Ψ3
i + 3Ψ4

i ] a Λ = Ψdlog `e. �
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Ψ vyrob́ı Λ, pričom
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Todova veta

Veta (Toda)

PH⊆ P#P.

�Dôkaz.

NTS M(φ):

nedeterministicky zvoĺı postupnost’ r d́lžky R
spust́ı redukciu fr z Lemy 1 (m = 2),
dostane formulu Ψr

zväčš́ı modulus −→ Λr

nedeterministicky zvoĺı riešenie x
oveŕı, či je Λr (x) a podl’a toho akceptuje.

kol’ko akceptačných výpočtov má M(φ)?
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φ =⇒ pre aspoň 3/4 r -iek Ψr ⊕Sat =⇒ #Λr ≡−1 (mod 2`)
=⇒ #M(φ) ∈ [−2R ,−3

42R ]

¬φ =⇒ pre najviac 1/4 r -iek Ψr ⊕Sat =⇒ #Λr ≡−1
(mod 2`) =⇒ #M(φ) ∈ [−1

42R ,0]
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