Derandomizacia

kuko

21.4.2021

Pokrotila tedria zloZitosti
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Pravdepodobnostné algoritmy
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median: 1.5n vs > 2n porovnani
minimélna kostra: O(m) vs O(ma(n))
minimélny rez: O(n?) vs O(n3)

test prvotiselnosti: O(n?) vs O(n°)

LP: O(d?n+20(/d0gd)) ys O(d9(9)p)
3-SAT: 0(1.308") vs O(1.334")
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median: 1.5n vs > 2n porovnani
minimélna kostra: O(m) vs O(ma(n))
minimélny rez: O(n?) vs O(n3)

test prvotiselnosti: O(n?) vs O(n°)

LP: O(d?n+20(/d0gd)) ys O(d9(9)p)
3-SAT: 0(1.308") vs O(1.334")

test rovnosti polynémov: O(n) vs ?
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?

(ux+ zvy)? 4+ z(vx — uy)? = (u?+ 2v?)(x% + zy?)

1024x%0 + (x +v3)10 + (x = V3)10 4+ (v3x + 1) 10 + (v/3x — 1)1°

L 1512(x2 +1)° — 1024,
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coNP

ALL
REC

EXP

PSPACE — NPSPACE

P/poly

Hao
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e P=BPP?

® 3 dobry PNG?
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Definicia

Budeme hovorit, Ze funkcia f je
e tazkd, ak ju obvody velkosti S < 2"" nedokaZu spolitat presne
(pre nejaké y>0),
o velmi tazkd, ak ju obvody velkosti S < 2'" nedokaZu ani len
aproximovat na 99% (pre nejaké y>0),
@ pekelne tazkd, ak ju obvody velkosti S < 2" nedokaZu ani len

aproximovat na 1/2+1/S vstupoch (pre nejaké y > 0).

9/78



3 tazka funkcia = 3 velmi tazka funkcia = 3 pekelne tazk4 funkcia
— 3 dobry PNG = vieme odhadnit Pr[BPP-alg akceptuje]
— P = BPP.
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Ak 3f € E, ktord potrebuje

- BPP C  EXP

) ne@) BPP C SUBEXP

obvod velkosti one tak BPP C  QuasiP
29(n) BPP = P
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Pseudonahodné generatory
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TOUR OF ACCOUNTING

OVER HERE
WE HAVE OUR
RANDOM NUMBER

s GENERATOR.
)
¢ gw 47

NINE NINE
NINE NINE
NINE NINE

10]as]o; ©2001 United Fasture Syndicate, Ine.

e THAT'S THE
et PROBLEM
WITH RAN-
THATS DOMNESS:
RANDOM? ‘
YOU CAN

NEVER BE
SURE.
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batérie Statistickych testov:
@ Diehard
e TestUO1
e NIST
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@ je #ndl a jednotiek zhruba rovnaky?
@ po blokoch? (podobd sa to na binomické rozdelenie?)
e behov/medzier dizky k je zhruba 1/2k?
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@ Gcd test: spustime Euklidov algoritmus a spocitame
Q k — polet iterdcii
@ kone¢nu hodnotu ged
@ z 10M pokusov, otakdvame:
k <3 4 5 6 7 8 9 10

ocak. pocet: 55 29.5 1446  590.7 2065 6277 16797 39965

gcd 1 2 3 4 5 6 7 8

olak. polet: 6079271 1519817 675474 379954 243171 168869 124067 94989
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rozliSovac

R

/ ? \

vygenerované postupnost G(Uy) |

|
t
PNG

tplne nédhodné postupnost U,
I

uplne ndhodny seed diiky ¢
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PNG

R je rozliSovac pre D, ak

Pr [R(x)=1]— relz,run[R(r) = 1]’ > 1/10,

xerD

D je S-pseudondhodnd, ak neexistuje rozliSova& velkosti S. Tzn.
VYobvod C velkosti S je

Pr[C(D)] = Pr[C(Um)] £1/10.

W a—
/ ? \

vygenerovand postupnost G(Up) ‘ ‘ iiplne néhodné postupnost Uy,
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\[€

Definicia (pseudondhodny generator)

S(¢)-pseudonahodny generator:
o funkcia G, v &ase O(2') vyrobi post. dizky S(¢)
o G(Uy) je S(¢)3-pseudondhodnd distribticia (V¢ € N)

A
rozlisovac .

T

vygenerovand postupnost G(Ur) ‘ ‘ tiplne néhodnd postupnost Un
I PNG

|
Giplne néhodny seed dizky ¢

@ PNG ma3 ovela viac &asu ako obvody, ktoré sa ho snaZia rozli$it
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Ak existuje dobry PNG, potom vieme derandomizovat. I
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Ak existuje 2¢-PNG, potom BPP = P. I
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B Dokaz.
@ nech existuje 2¢-PNG
nech L € BPP

@ existuje BPP-algoritmus A
@ nahradime nahodné bity pseudondahodnymi
@ kedZe G je dobry PNG, V~x

Pr{A(x, G(Ur))] - Pr[A(x, Um)] < 0.1

e v opatnom pripade r +— A(x,r) je obvod, ktory rozozniva
G(Uy) od Un,

— sta&i A spustit pre vietky seedy dizky clogn a spotitat

.....

PrA(x, G(Up)) = L(x)] = 2/3—0.1 > 1/2
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W Doékaz.
@ nech existuje S(¢)-PNG
nech L € BPTIME(S(¢(n)))
existuje algoritmus A beZiaci v &ase cS(¢(n))

°
°
@ nahradime nahodné bity pseudondahodnymi
@ kedZe G je dobry PNG, V~x

Pr{A(x, G(Ur))] - Pr[A(x, Um)] < 0.1

e v opatnom pripade r +— A(x,r) je obvod, ktory rozozniva
G(Uy) od Un,

— stadi A spustit pre vietky seedy dizky £(n) a spotitat

.....

PrA(x, G(Up)) = L(x)] = 2/3—0.1 > 1/2
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Lema

Ak existuje S(£)-PNG, tak V¢ : N — N? je

BPTIME(S(4(n))) € DTIME(2¢/M)

pre nejakd konstantu c.

avypoditatelnd v polynomidlnom &ase
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BPTIME(S(¢(n))) € DTIME(2°("))

Dosledok

o 32¢/.PNG = BPP =P
o 32“-PNG = BPP C QuasiP = DTIME(2roMoe(n)
e Vc >1 3¢°-PNG = BPP C SUBEXP =),.,DTIME(2™)
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Rozlisovace a predpovedace
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predpovedac P

1

vygenerovand postupnost G(Uy) |?|

T

6] e
|
tplne ndhodny seed dfzky ¢
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P je predpovedal pre D, ak 3i: P dokaZe predpovedat i-ty bit z
predoslych s vyrazne va&Sou tspesnostou ako len ndhodné
tipovanie:

1 1
Pr [P(r 1> 5% Ton
rerD [ ( L ) : ] 10 n
ya—
|
ygenerovand postupnost G(Us) ]
t
PNG

|
iiplne ndhodny seed dizky ¢
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Ak 3 rozliSova& R velkosti S pre D = 3 predpoveda& P velkosti
2S.
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Ak 3 rozliSova& R velkosti S pre D = 3 predpoveda& P velkosti
2S.

W Dokaz.

@ P na vstupe i, yi,...,yi_1 doplni postupnost o ndhodné
Zj,...,Zm a spusti R
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Ak 3 rozliSova& R velkosti S pre D = 3 predpoveda& P velkosti
2S.

W Dokaz.

@ P na vstupe i, yi,...,yi_1 doplni postupnost o ndhodné
Zj,...,Zm a spusti R

e nech a=R(y1,...,Yi-1,Ziy.--,Zm).
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Ak 3 rozliSova& R velkosti S pre D = 3 predpoveda& P velkosti
2S.

W Dokaz.

@ P na vstupe i, yi,...,yi_1 doplni postupnost o ndhodné
Zj,...,Zm a spusti R

e nech a=R(y1,...,Yi-1,Ziy.--,Zm).

@ ak a=1 (postupnost vyzerd nendhodne), odpovie z; inak
1-— Z;
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@ ,hybridny argument”: n+ 1 distribucii
Dy,...,Dp

e Dy=U, D,=D,

@ D; ma prvych i bitov z D a zvy%ok sl tplne ndhodné bity.
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»hybridny argument”: n+ 1 distribdcii
Dy,...,D,
DO == Un, Dn - D,
D; ma prvych i bitov z D a zvySok su tplne ndhodné bity.

nech p; = Pr[R(D;)]
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»hybridny argument”: n+ 1 distribdcii
Dy,...,D,

DOZUn, Dn:Dy

D; ma prvych i bitov z D a zvySok su tplne ndhodné bity.

nech p; = Pr[R(D;)]
pn—po = Pr[R(D)] = Pr[R(Un)] > 45
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»hybridny argument”: n+ 1 distribdcii
Dy,...,D,

Dy = U,, D,=D,

D; ma prvych i bitov z D a zvySok su tplne ndhodné bity.
nech p; = Pr[R(D;)]

pn—po = PrR(D)] — PrIR(Uy)] >
Pn—Po=Y.pi—pi-1 = Ji:pj—pi-1> 15-
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@ P predpovie i-ty bit spravne bud ak a=1 a y; = z;, alebo ak
a=0ay=1—2z
Ano NIE spolu
Zi=y; A B 1/2
Zj 75 Yi C D ]./2
spolu pi1 1—pia 1

A =Pr[ANO |z = y;] - Prlz; = yi] = Pr[R(D})] - 3 = 3p;
A+ C=Pr[ANo] = Pr[R(D))] = pi 1
C+D=Prlz #y]=1/2

1
A+D:C+D—(A+C)+2XA=E—i-p,'—p,',l. O
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Dosledok
G je S(¢)-PNG, ak A predpoveda’& velkosti 25(¢)3.
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Ako vyrobit PNG?
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Rozcvitka 1: prediZenie o 1 bit

Do
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G(z)=zf(2)

JP,|P|<2n®: Pr [P(z)=f(2)]>1/2+1/10n (predpoveda’
ze,{0,1}¢

1 7
VC,|IC|<S: Pr [C(z)=f(z)]<=z+1/S (pekelne tazka fn)
ze,.{0,1}¢ 2
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Rozcvitka 2: predizenie o 2 bity

Do
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G(z)=zf(z1)z2f(2),

kde z=z12
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G(z)=af(z1)2f(2), kde z=z12
ak JP:
1

1
Pr P(z1f(z1) ) = f(2)] > = + —,
z1,Zz€R{0,1}Z/2[ ( ! ( 1) 2) ( 2)] 2 10n
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G(z)=af(z1)2f(2), kde z=2z12

ak 3P:
Pr [P(zif(21)22) = F(22)] > = + —
z1f(z1)z0) =f(z -+ —
amerfoayat L2 21727 100
3z € {0,1}/2: [P(z1f(z1)22) = f(z)] > 1+ L
’ 22€R{0 1}4/2 10n’
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G(z)=af(z1)2f(2), kde z=2z12

ak 3P
P [P(nf(z)z) = F(z)] > 5+
z1f(z1)z0) =f(z -+ —
amerfoayat L2 21727 100
3z €{0,1}2:  Pr [P(zif(z1) ) = f(2)] > l—i-i
’ 2€r{0,1}//2 2 10n’

P'(x) = P(z1 f(z1) x),

zadratovand konstanta
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G(z)=af(z1)2f(2), kde z=2z12

ak 3P
P [P(nf(z)z) = F(z)] > 5+
z1f(z1)z0) =f(z -+ —
amerfoayat L2 21727 100
3z €{0,1}2:  Pr [P(zif(z1) ) = f(2)] > l—i-i
’ 2€r{0,1}//2 2 10n’

P'(x) = P(z1 f(z1) x),
——
zadratovand konstanta

11
Pr [P(x)=f L
AR LA i B BT
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NW generator

Definicia (Nissan-Wigdersonov generator)

Nech f :{0,1}* — {0,1} a .# = {h,..., I} je sada k-prvkovych
podmnoZin {1,...,(}.

NW(2) = f(zy) f(zp) - f(2,),

kde z; je podretazec z s indexmi z I.
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vygenerovana
postupnost:  f(2r,) f(21,) fz1) f(21,) f(21,) f(215) f(212)
1 2 3 45 6 7
* %
*
* *
Xk *
* x* ok
* %
* *
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Fanova rovina
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Definicia (Kombinatoricky dizajn)

Sada mnoZin & ={h,...,I,} je (¢,k,d)-dizajn (¢ > k > d), ak
e podmnoziny {1,...,4} velkosti k
o lub. dve majii prienik ¥j # k : |l;N x| < d.
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Have () > 27K

n- exponenc/iélny potet mnozin 29/10 = 29A8) _ toto
zodpovedd dlZke vygenerovanej postupnosti,

¢ - seed dizky c-logn, kde c = (20/7)?,

°
e k — velkost mnoZin \/c-logn — toto bude dizka vstupu pre f,
@ d — velkost prieniku 10-logn

(¢ > 10k?/d, 2d < yk)
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Nech .# je (¢, k,d)-dizajn velkosti n s parametrami vyssie a
f:{0,1}* — {0,1} je pekelne tazkd funkcia. Potom NW?, je
22()-PNG.
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1 2 3 4
seed 2
dlzky ¢

5 6 7
LT [

n podmnozin velkosti k

vstupy sa prekryvaju
f(zn) f(21,) f(21,) f(21,)  na < d poziciach

predpoveda i-ty bit, t.j.,
f (sedych bitov)

f(22232425)

PANG
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T D]:D zafixujeme zvys$né bity

- N M f:ieto funkcie .zévisia
iba od < d bitov
3

fi 12 / fi takze sa daju vypocitat
\\ // obvodmi velkosti < 20+1

P

v

predpovedd f(z)




o I predpovedat P velkosti 2n3 = 23:9/10+1;

1 1
P P(f e f(z ) =f(z)] > =4+ —.
P IO fla ) = Al = 5+ g
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o I predpovedat P velkosti 2n3 = 23:9/10+1;

1 1
DI . == [ > "~ P
P P F(2) = F(@)) 2 5+ 4
o nech fi(z) = f(z):
1 1
Pr [P(i(2),....i1(2)) = fi(z)] > =
ZER{g,l}/:[ ( 1(2)7 > 1(2)) ’(Z)] -2 + 10-2d/10
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o I predpovedat P velkosti 2n3 = 23:9/10+1;

P [P ) = Fla)] > 5 + 4o
@ nech fi(z) = f(z,j):
P (PR fa(2) = R > 5+ 5
@ nech x =z, bity v [;, z* tie zvy3né:
o P o (). () = )2 S+
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o I predpovedat P velkosti 2n3 = 23:9/10+1;

zeRI?(;,l}é[P(f(Zh"”’f(zl"’l)) =1f(z;,)] > %4— Wln
o nech fi(z) = f(z):
P [P Fs(2) = 2] > 5+ 1o
@ nech x =z, bity v [;, z* tie zvy3né:
o P PG a2 ) = ]2 S+ T
@ priemerovaci argument: Jkonkrétne z*:
P TP (0 () = F0) > 5+
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@ kadu funkciu d bitov vieme vypotitat obvodom velkosti 2911
z+— P(gi(2),...,8i-1(2))
velkosti n-29+1 +23~d/10+1 — ol4d+2 - 92d < ok
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@ kadu funkciu d bitov vieme vypotitat obvodom velkosti 2911
z+— P(gi(2),...,8i-1(2))
velkosti n-29+1 _|_23~d/10+1 — ol4d+2 ~ 52d < 27k

e ak by 3 P, vedeli by sme vytvorit obvod, ktory po¢ita f na

viac ako
L + 1 > L + 1 stupoch
- — - — V! .
2 1n=2"5 up

65/78



Zovseobecnenie lemy

Ak 7 je (¢, k,d)-dizajn velkosti 29/10 a f : {0,1}¥ — {0, 1} Je
pekelne tazkd (Hayg(f) > 229 =27%), tak distribicia NW' (Uy) je
Havg(f)/10-pseudonahodna.
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Veta (Nissan, Wigderson)

Ak existuje pekelne tazka funkcia v E, tak BPP = P.
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Have () > 27K

n- exponenc/iélny potet mnozin 29/10 = 29A8) _ toto
zodpovedd dlZke vygenerovanej postupnosti,

¢ - seed dizky c-logn, kde c = (20/7)?,

°
e k — velkost mnoZin \/c-logn — toto bude dizka vstupu pre f,
@ d — velkost prieniku 10-logn

(¢ > 10k?/d, 2d < yk)
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Pre kaZdé k —1>d >0 a £ > 2k? existuje (¢, k,d)-dizajn velkosti
aspori (£/2k)4+1.
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V¢ > 10k?/d a k > d existuje (¢, k,d)-dizajn velkosti aspori
m = 29/10_ Vieme ho vygenerovat v &ase 2°().

70/78



W Dokaz.

o greedy, brute-force
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B Dokaz.
o greedy, brute-force

o ak mame {h,...,I,} pre n <2910 vieme vybrat daliu
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B Doékaz.
o greedy, brute-force
o ak mame {h,...,I,} pre n <2910 vieme vybrat daliu

@ vyberme / ndhodne, Vx € [{] vyberieme s pp. 2k /¢
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B Dokaz.
o greedy, brute-force
o ak mame {h,...,I,} pre n <2910 vieme vybrat daliu
@ vyberme / ndhodne, Vx € [{] vyberieme s pp. 2k /¢
o E[|l|] =2k, E[|INIj]]=2k*/t<d/5
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B Dokaz.

o greedy, brute-force
ak mame {/1,...,1,} pre n <2910 vieme vybrat daliu
vyberme | ndhodne, Vx € [¢] vyberieme s pp. 2k /¢
E[|l]] =2k, E[JIN}]]=2Kk*/t < d/5
Cernof: Pr[|/| < k] < 0.1 (dokonca exponencialne mala)

e 6 o6 o
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B Dokaz.

o greedy, brute-force
ak mame {/1,...,1,} pre n <2910 vieme vybrat daliu
vyberme | ndhodne, Vx € [¢] vyberieme s pp. 2k /¢
E[|l]] =2k, E[JIN}]]=2Kk*/t < d/5
Cernof: Pr[|/| < k] < 0.1 (dokonca exponencialne mala)
Pr(|/nlj| > d] < 1/24/10+1

e 6 6 o o
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B Dokaz.

o greedy, brute-force
ak mame {/1,...,1,} pre n <2910 vieme vybrat daliu
vyberme | ndhodne, Vx € [¢] vyberieme s pp. 2k /¢
E[|l]] =2k, E[JIN}]]=2Kk*/t < d/5
Cernof: Pr[|/| < k] < 0.1 (dokonca exponencialne mala)
Pr(|/nlj| > d] < 1/24/10+1

mnozin je < 29/1% union bound = pp., e ImnoZina s
velkym prienikom < 1.

e 6 6 o6 o o
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M Dokaz.

e 6 6 o6 o o

greedy, brute-force

ak mame {/1,...,1,} pre n <2910 vieme vybrat daliu
vyberme | ndhodne, Vx € [¢] vyberieme s pp. 2k /¢
E[|l]] =2k, E[JIN}]]=2Kk*/t < d/5

Cernof: Pr[|/| < k] < 0.1 (dokonca exponencialne mala)
Pr(|/nlj| > d] < 1/24/10+1

mnozin je < 29/1% union bound = pp., e ImnoZina s
velkym prienikom < 1.

pp., Zze | nevyhovuje je < 0.6 <1
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