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AC0

Defińıcia

AC0:

uniformné

∧, ∨, ¬
O(1) hĺbka

polyn vel’kost’

hradlá ∧ a ∨ majú neobmedzený počet vstupov
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AC hierarchia

Defińıcia

ACk :

uniformné

∧, ∨, ¬
O(logk n) hĺbka

polyn vel’kost’

hradlá ∧ a ∨ majú neobmedzený počet vstupov

Defińıcia

AC =
⋃

k ACk
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NC hierarchia

Defińıcia

NCk :

uniformné

∧, ∨, ¬
O(logk n) hĺbka

polyn vel’kost’

hradlá ∧ a ∨ majú 2 vstupy

Defińıcia

NC =
⋃

k NCk
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NC hierarchia

Defińıcia

NCk :

uniformné

∧, ∨, ¬
O(logk n) hĺbka

polyn vel’kost’

hradlá ∧ a ∨ majú 2 vstupy

Defińıcia

NC =
⋃

k NCk
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NC hierarchia

Veta

NCk ⊆ ACk ⊆ NCk+1.

Veta

AC = NC =jazyky s efekt́ıvnymi paralelnými algoritmami (PRAM,
poly procesorov, polylog čas).

Veta

NL⊆ NC⊆ P
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Parita

Veta (Furst, Saxe, Sipser)⊕
/∈ AC0.
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Parita

Veta (Razborov, Smolensky)⊕
/∈ ACC0(3).

Modp /∈ ACC0(q) pre p 6= q ∈ P

�Dôkaz.

1 obvod → polynóm, ktorý ho aproximuje

2 parita sa nedá dobre aproximovat’ polynómom

3 ⇒ neexistuje malý obvod O(1) h́lbky
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Parita

Presneǰsie:

1 obvod h́lbky d , vel’k. S −→ polynóm stupňa
√
n

zhodný na (1−S/Ω(2n
ε

))-tine vstupov

2 polynóm stupňa
√
n sa môže zhodovat’ najviac na ≤ 49/50

vstupov

3 =⇒ S = Ω(2n
ε

)
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Parita

Presneǰsie:

1 obvod C h́lbky d , vel’k. S −→ poly p ∈ Z3[~X ] stupňa (2`)d

C (x) = p(x) na (1−S/2`)-tine vstupov

pre 2` = n1/2d :

degp =
√
n

C(x) = p(x) na (1−S/2n
1/2d/2)-tine vstupov

2 polynóm stupňa
√
n sa môže zhodovat’ najviac na ≤ 49/50

vstupov

3 =⇒ S > 2n
1/2d/2/50 = Ω(2n

ε

)

19 / 68



Parita

Presneǰsie:
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Parita

1. obvod −→ aproximujúci polynóm

vstupné hradlo xi → polynóm Xi

g = ¬f → polynóm g̃ = 1− f̃

g = Mod3(f1, . . . , fk) → polynóm g̃ = (∑ f̃i )
2

g =
∨
fi : naivný spôsob: g̃ = 1−∏(1− f̃i ) – pŕılǐs vel’ký stupeň

23 / 68



Parita

1. obvod −→ aproximujúci polynóm
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vstupné hradlo xi → polynóm Xi
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Parita

1. obvod → aproximujúci polynóm

g =
∨
fi =⇒ ∃i : fi = 1

Pr[∑ai fi = 0]≤ 1/2 pre náhodné ai

vyberieme ` náhodných a(1), . . . ,a(`) ∈ Zn
3

spoč́ıtame polynómy h̃k = (∑j a
(k)
i f̃i )

2

zrátame OR týchto ` členov naivnou metódou

∀x Pr~a[g̃(x) 6= C (x)]≤ 1/2` ⇒ ∃~a : Prx [g̃(x) 6= C (x)]≤ 1/2`

g =
∧
fi – ako

∨
cez deMorgana
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g =
∨
fi =⇒ ∃i : fi = 1

Pr[∑ai fi = 0]≤ 1/2 pre náhodné ai
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Parita

2. aproximujúci polynóm

nech f ∈ Z3[~x ], deg f =
√
n

nech G ′ = {~x | f (~x) =
⊕

(~x)} ⊆ {0,1}n;

yi = 1 + xi (mod 3) tá zobraźı 0/1 7→ 1/−1,
G ′ 7→ G ⊆ {−1,1}n, f (~x) 7→ g(~y)

f (~x) =
⊕

(~x) =⇒ g(~y) = ∏yi

g (stupňa
√
n) = ∏yi (stupňa n) na celom G

=⇒ G muśı byt’ malá
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√
n) = ∏yi (stupňa n) na celom G
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n) = ∏yi (stupňa n) na celom G
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Parita

2. aproximujúci polynóm

nech s : G → Z3 – takýchto funkcíı je 3|G |

ukážeme, že takýchto funkcíı je ≤ 3(49/50)2n

funkcia s sa dá zaṕısat’ ako polynóm

stupeň každej premennej je ≤ 1
ak ∏i∈I yi je monomiál v s, |I |> n/2
nahrad́ıme ho
(∏i∈I yi )(∏i /∈I y

2
i ) = (∏i yi )(∏i /∈I yi ) = g(~y)∏i /∈I yi

stupňa n/2 +
√
n

=⇒ všetky fn G → Z3 sa dajú vyjadrit’ ako súčet monomiálov
stupňa n/2 +

√
n

tých je: 3#monomíalov ≤ 3∑i≤n/2+
√
n (ni) ≤ 3(49/50)2n

�
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stupňa n/2 +

√
n

tých je: 3#monomíalov ≤ 3∑i≤n/2+
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stupeň každej premennej je ≤ 1
ak ∏i∈I yi je monomiál v s, |I |> n/2
nahrad́ıme ho
(∏i∈I yi )(∏i /∈I y

2
i ) = (∏i yi )(∏i /∈I yi ) = g(~y)∏i /∈I yi
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PH vs. PSPACE

Dôsledok (Furst,Saxe,Sipser)

Existuje orákulum A⊆ {0,1}∗, pre ktoré PHA 6= PSPACEA.

�Dôkaz.

sporom: ∀A : PHA = PSPACEA =⇒
⊕

má obvod h́lbky O(1)
vel’kosti 2(logN)c

označme An = A∩{0,1}n prvky A d́lžky n

LA = {0n | |An| mod 2 = 1} ⊆ {0}∗

∀A : LA ∈ DSPACE(n)A

ak by LA ∈ PHA =⇒ ∃Σd -stroj M s časom nc

BUNV nech sa M nepýta A na ret’azce d́lžky inej ako |x |
(ktoré sú pre odpoved’ irelevantné)
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LA = {0n | |An| mod 2 = 1} ⊆ {0}∗

∀A : LA ∈ DSPACE(n)A

ak by LA ∈ PHA =⇒ ∃Σd -stroj M s časom nc
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(ktoré sú pre odpoved’ irelevantné)
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označme An = A∩{0,1}n prvky A d́lžky n
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PH vs. PSPACE

Pokračovanie dôkazu

obvod pre
⊕

: vezmime strom výpočtov MA(0n) pri všetkých
možných orákulách A

ret’azec χAn −→ N = 2n vstupov obvodu

konfigurácie M −→ hradlá (najviac 2n
c
)

počiatočná konfigurácia −→ výstupné hradlo

dotaz na orákulum −→ hradlo č́ıtajúce vstup

∃-konfigurácia α −→ OR, vstupy sú ∀-konf. β , α `∗ β

∀-konfigurácia −→ AND, vstupy sú ∃-konf. β , α `∗ β

M iba d-krát alternuje −→ obvod má h́lbku d

vel’kost’ je 2n
c

= 2(logN)c
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možných orákulách A
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∃-konfigurácia α −→ OR, vstupy sú ∀-konf. β , α `∗ β
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M iba d-krát alternuje −→ obvod má h́lbku d
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obvod pre
⊕
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PH vs. PSPACE

Pokračovanie dôkazu

∀M∃∞A : L(MA) 6= LA

∃A∀M : L(MA) 6= LA
diagonalizáciou:

v k-tom kroku ideme obabrat’ Mk

vezmime nk väčšie ako všetky doteraz
nech Ak je orákulum, ktoré obabre Mk na vstupe d́lžky nk
A =

⋃
k Ak
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