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1 / 57



x1

0

1

x2

x2
0

0

1

1

x3

x3
0

0

1

1 · · ·
0

10

0

1

1

2 / 57



xi xi+1

0 mod 7

1 mod 7

2 mod 7

3 mod 7

4 mod 7

5 mod 7

6 mod 7

3 / 57



x1

x2

x3

x4

x5 x6 x7

x8

x9

1

0

4 / 57



PBP⊆ P/poly
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PBP = L/poly

unif-PBP = L
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PBP = L/poly

unif-PBP = L
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k-PBP – polynomiálne vel’ké vetviace programy š́ırky k
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REG⊆ k-PBP

Palindrome,{anbnan | n ∈ N} ∈ 3PBP

And,Or,Parity ∈ 2PBP

Každá funkcia sa dá vypoč́ıtat’ BP exponenciálnej d́lžky, š́ırky
3.

Modm vieme v š́ırke m, dá sa menej?

Majority vieme v š́ırke Θ(n), dá sa menej?

čo sa dá spoč́ıtat’ v k-PBP?
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Každá funkcia sa dá vypoč́ıtat’ BP exponenciálnej d́lžky, š́ırky
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čo sa dá spoč́ıtat’ v k-PBP?

11 / 57



REG⊆ k-PBP

Palindrome,{anbnan | n ∈ N} ∈ 3PBP

And,Or,Parity ∈ 2PBP
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Veta (Barrington ’89)

∀obvod hĺbky d ∃ekvivalentný BP š́ırky 5 dĺžky ` = 4d .
To znamená pre d = O(logn) je ` = poly(n) a teda
NC1 = 5-PBP = k-PBP.

16 / 57



Veta (Barrington ’89)
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To znamená pre d = O(logn) je ` = poly(n) a teda
NC1 = 5-PBP = k-PBP.

17 / 57



Permutačné programy
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f (x) = 0 =⇒
`

∏
i=1

π
xki
i = 1G
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`
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π
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i = α

∏π
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i = α

f (x).
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Lema

Nech α,β sú 5-cykly.
Potom f je α-vypoč́ıtatel’ná programom d́lžky `

⇐⇒
f je β -vypoč́ıtatel’ná programom d́lžky `.

� Dôkaz. α = ρ ◦β ◦ρ−1 �
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Lema

Ak f je α-vypoč́ıtatel’ná programom d́lžky `
=⇒

aj ¬f je α-vypoč́ıtatel’ná programom d́lžky `.
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Lema

Ak f , g sú α, β -vypoč́ıtatel’né programom d́lžky `
=⇒

f ∧g je (αβα−1β−1)-vypoč́ıtatel’ná programom d́lžky 4`.

α = 1→ 2→ 3→ 4→ 5→ 1

β = 1→ 3→ 5→ 4→ 2→ 1

αβα
−1

β
−1 = 1→ 3→ 2→ 5→ 4→ 1
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Dôsledky
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Dôsledok

∃L ∈ REG: L je NC1-úplný pri ≤AC0

m -redukcíı.
Každý NC1 jazyk sa dá AC0 obvodom zredukovat’ na REG jazyk.
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Veta

Majme funkciu danú algebraickým obvodom h́lbky d . Tá istá
funkcia sa dá vypoč́ıtat’ súčinom 4d mat́ıc 3×3. Funkcie
vypoč́ıtatel’né algebraickými NC1 obvodmi sú presne tie, ktoré sa
dajú spoč́ıtat’ súčinom polynomiálneho počtu mat́ıc 3×3.

� Dôkaz.
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Rekurźıvne: majme pre f , g matice tvaru

F =

1 0 0
f 1 0
0 0 1

 a G =

1 0 0
g 1 0
0 0 1


 1 0 0
f +g 1 0

0 0 1

 = F ·G

 1 0 0
f ×g 1 0

0 0 1

=

 1 0 0
0 0 1
−f 1 0

·
1 0 0

0 1 0
0 g 1

 ·
1 0 0
f 1 0
0 0 1

 ·
1 0 0

0 0 1
0 1 −g


1 0 0

0 0 1
0 1 −g

 =

 0 0 1
−1 0 0
0 1 0

 ·G ·
0 0 −1

0 1 0
1 0 0


pre K = (Z2, ·,+) = (Z2,∧,⊕) dostávame Barringtonovu vetu
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Uvažujme lineárne (algebraické) programy:

r registrov R1, . . . ,Rr

inštrukcie

Ri += c ·Rj

Ri −= c ·Rj

Ri += xk ·Rj

Ri −= xk ·Rj
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Veta

Každá funkcia s algebraickým obvodom h́lbky d sa dá spoč́ıtat’

algebraickým programom dĺžky O(4d) s iba tromi registrami.

� Dôkaz.

indukciou: vieme vyrobit’ program Ri ±= Rj · f (x1, . . . ,xn)

program pre Ri += Rj · (f +g):
Ri += Rj · f ; Ri += Rj ·g
program pre Ri += Rj · (f ·g), spoč́ıtame

Ri −= Rk ·g //Ri = ri − rk ·g
Rk += Rj · f //Rk = rk + rj · f
Ri += Rk ·g //Ri = ri − rk ·g + (rk + rj · f ) ·g
Rk −= Rj · f //Rk = rk

�
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Ri −= Rk ·g //Ri = ri − rk ·g
Rk += Rj · f //Rk = rk + rj · f
Ri += Rk ·g //Ri = ri − rk ·g + (rk + rj · f ) ·g
Rk −= Rj · f //Rk = rk

�
52 / 57



Predstavme si poč́ıtač, ktorý

môže poč́ıtat’ celý
”
deň“, ale

RAM – každú noc sa vymaže

malé bezpečné úložisko (hard-disk)

jedno poč́ıtadlo – každú noc +1
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logspace serializovatel’né:

každá fáza je v logaritmickej pamäti

bezpečné úložisko má 3 bity (slovom: tri bity!)

poč́ıtadlo má polynomiálny počet bitov.
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Veta

Všetky problémy v PSPACE sú logspace serializovatel’né.
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