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Suffix array

Array of suffixes in lexicographic order

(assume $ < a Va € L)

i 0123456
SA] bananat$
i SA[i] Suffix
0 6 $
1 5 a$
2 3 ana$
3 1 anana$
4 0 banana$
5 4 na$
6 2 nana$

01234

aaaa$
SA[i] Suffix

4 $

3 a$

2 aa$

1 aaa$

0 aaaa$
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From suffix array to suffix tree

T =banana$
i SA[{] L[] suffix
0 6 0o $
1 5 1 a$
2 3 3 ana$
3 1 0  anana$
4 1] 0 banana$
5 4 2 na$
6 2 nana$
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Longest common prefix

e lcp(A, B) = the length of longest common prefix of strings A and B

e LCP(i,j) = lep(TISA[l..n], TISA[j]..n])
i.e. Icp of two suffixes in a suffix array

i SA[i] suffix

0 6 $

1 5 a$

2 3 ana$ LCP(2,3) = Icp(ana$,anana$) = 3
3 1 anana$ LCP(2,5) = Icp(ana$, na$) = 0

4 0 banana$

5 4 na$

6 2 nana$
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LCP

1 h = 0;
> for (i=0; i <=n; i++) {
3 if (rank[i] < n) {

4 j = next(i); // SAl[rank[i] + 1];

5 // compare suffixes S[i..] and S[j..]
6 h = 0;

7 while (S[i+h] == S[j+h]l) ++h;

8 // we have found first mismatch

9 L[i] = h;

10 ¥
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LCP
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LCP
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LCP
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LCP

rank S

11

¢ H Y U OH 0 nn H ®nn o on H =

SArcp
7 . IPPI$
4 . ISSIPPI$
1 L ISSISSIPPI$
10 o I$
0 0 MISSISSIPPI$
9 PI$
8 PPI$
6 SIPPI$
3 SISSIPPI$
5 SSIPPI$
2 SSISSIPPI$
s
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LCP

1 h = 0;
> for (i=0; i <=n; i++) {
3 if (rank[i] < n) {

4 j = next(i); // SAl[rank[i] + 1];

5 // compare suffixes S[i..] and S[j..]
6 h = 0;

7 while (S[i+h] == S[j+h]l) ++h;

8 // we have found first mismatch

9 L[i] = h;

10 ¥
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LCP

1h = 0;

> for (i=0; i <=n; i++) {

3 if (rank[i] < n) {

4 j = next(i); // SA[rank[i] + 1];

5 // compare suffixes S[i..] and S[j..]
6 // assume they have >= h characters in common
7 while (S[i+h] == S[j+h]) ++h;

8 // we have found first mismatch

9 L[i] = h;

10 if (h > 0) --h;

11 ¥

12}
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Inverse of a suffix array

Array rank such that tank[i] = x & SA[x] =1
Can be computed in O(n) from SA:

for(i = 0; i <=n; i++) {

rank[SA[i]] = i;

Go from suffix to its position in the suffix array, its neighbors, etc.

46
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Vyhladéavanie

Hae
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Vyhladavanie

@ jednoduché bindrne vyhladdvanie: O(mlogn)
e ak pozname lcp(s;,s;) pre lubovolné dva sufixy, vieme zrychlit
na O(m+logn)
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Vyhladavanie

INVARIANTY: ¢ <z <7, z¢=lep(z,{), =z, =lep(x,r)

z ]

Te

Obr.: Potialto sa x a £ rovnaju.
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Vyhladavanie

INVARIANTY: ¢ <z <7, z¢=lcp(z,{), =, =lcp(x,r)

@ o |
L °

Xy
”

Obr.: £[x¢] < x[x¢].
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Vyhladavanie

INVARIANTY: ¢ <z <7, z¢=lcp(z,{), =, =lcp(x,r)
e e |

Ty

.

Ly

Obr.: Potialto sa x a r rovnaji. (Predpokladajme x; > x,)
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Vyhladavanie

INVARIANTY: ¢ <z <7, z¢=lcp(z,{), =, =lcp(x,r)

e e |

Ty

-

.

Ty

Obr.: r[x,] > x[x/].
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Vyhladavanie

INVARIANTY: ¢ <z <7, z¢=lcp(z,{), =, =lcp(x,r)

e e |

L

BT e
.

m

.

Ty

Obr.: Pozrime sa na prostredny sufix; aky je p = lcp(¢,m)?
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Vyhladavanie

INVARIANTY: ¢ <z <7, zp=lep(x,l), z,=Ilep(z,r)

xT

il

Obr.: Pripad 1: Ak p < xy. ..

20/60



Vyhladavanie

INVARIANTY: ¢ <z <7, z¢=lcp(z,{), =, =lcp(x,r)

Obr.: Pripad 1: ...tak m[p] > {[p] = x[p], teda m > x
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Vyhladavanie

INVARIANTY: ¢ <z <7, zp=lep(x,l), z,=Ilep(z,r)

e e |
14

m

BN B
BN B

r .

Ty

Obr.: Pripad 2: Ak p > xy,. ..
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Vyhladavanie

INVARIANTY: ¢ <z <7, z¢=lcp(z,{), =, =lcp(x,r)
e e |

14

m

BN B
BN B

.

Ty

Obr.: Pripad 2: ...tak m[x;] = ¢[x/] < x[x¢], teda m < x.

23/60



Vyhladavanie

INVARIANTY: ¢ <z <7, z¢=lep(z,{), =z, =lep(x,r)

e e |

|

Te

r .

Ty

Obr.: Pripad 3: Ak p = xy, za&neme porovndvat pismena.
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Vyhladavanie

Invarianty:
e l<x<r
e x; = lcp(x,?)
e x, =lcp(x,r)
Algoritmus:
o Ak xp > x,:
nech m je prostredny sufix a p = Icp(¢, m)
ak p<xp: r<—m, x, < p
ak p>xp: < m
ak p = x;:
@ za&neme porovnavat pismend x a m od pozicie x
o podla vysledku nastavime ¢,x; alebo r,x,

o Ak xy < x, — symetricky
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LCP values for algorithm 3

Which values are needed? LCP(L, k) or LCP(R, k)

o o6

2n — 1 LCP values needed

Let L[i] = LCP(i,1+ 1), precompute to an array in O (1) (later)
Forj—1i>1:

LCP(i,j) = min{LCP(k,k+1)|k=1...j—1}
min{LCP(i,x),LCP(x,j)} foranyx € {i+1,...j — 1}

44

26 /60



Hae
27 /60



Konstrukcia SA

e gsort — O(n?logn)
e radix-sort / trie — O(n?)

o lepsie?
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Manberov algoritmus

Myslienka:

@ sufix sufixu je sufix
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Manberov algoritmus

Myslienka:
@ sufix sufixu je sufix

@ ak mame pole utriedené podla prvych K pismen, vieme ho
lahko zotriedit podla prvych 2K pismen

o budeme mat logn faz; v k-tej faze triedime podla prvych 2k
pismen
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Manberov algoritmus

[+ JCS R R B N VU S =]

R PR PR R R
N oA W N R oV

babaaaabcbabaaaaa0l
abaaaabcbabaaaaa0
baaaabcbabaaaaal
aaaabcbabaaaaal
aaabcbabaaaaal
aabcbabaaaaal
abcbabaaaaa0
bcbabaaaaal
cbabaaaaal
babaaaaal
abaaaaa0

baaaaal

aaaaal

aaaal

aaal

aal

a0

0

Obr.: Triedime podla

+

+

index
sort
17 0
16 a0
15 aa0
14 aaa0
3 aaaabcbabaaaaal
12 aaaaal

13 |aaaa

4 laaabfcbabaaaaa0

5 aabcbabaaaaal
1 abaaaabcbabaaaaa0
10 abaaaaa0

6 abcbabaaaaal

2 baaaabcbabaaaaal0
\\31 baaaaa0

0 babbabaaaaao
/9 babakaaalo
- 13 7 bcbabaaaaal

8 cbabaaaaal

13 < 4 (because 6 < 7)s09 < 0

prvwvch 1.2.48.16,32....pismen.

inverse

0 14
1 9
2 12
3 4
4 7
5 8
6 11
7 16
8 17
9 15
10 10
11 13
12 5
13 ¢
14 3
15 2
16 1
17 0
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Manberov algoritmus

@ nech rank[i] =, ak je sufix s; v abecednom poradi j-ty (podla
prvych 2k pismen; ak maji dva sufixy rovnakych prvych 2%
pismen, ranky budi rovnaké)

o 1 faza:

e zotriedime trojice (rank[i],rank[i 4 2], 1)
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Konstrukcia SA

e gsort — O(n*logn)
e radix-sort / trie — O(n?)
e Manberov algoritmus — O(nlog n)

o lepsie?
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Konstrukcia SA

1 2 4 5 7 8 1011 13 0 3 6 9 12
ABBABABABBAS$S$S ABBABABABBAS$S$S
-S10 = A$$$

1. S5 = ABABBA$$$

2. S7 = ABBA$$S

3. Sy = BABABABBA$$$
4. S, = BABABBA$$S

5. Sg = BBA$$$

6. S1 = BBABABABBA$$$

Obr.: Rozdelime na sufixy na poziciach nedelitelnych vs. delitelnych 3.
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Konstrukcia SA

5 7 8 1011 13 0 3

6 9 12
ABBABABABBA$$$ ABBABABABBAS$S$S

S
n
N

Obr.: Rekurzivne utriedime pozicie = 1,2 (mod 3).
Co pozicie =0 (mod 3)?
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Konstrukcia SA

1 2 4 5 7 8 1011 13 0 3 6 9 12
ABBA BABBAS$S$ S ABBABABABBA$S$S$

0. 510 0. S3 = ASy

1. S5 1. S() = ASl

2. Sr 2. Sg = BSqg

3. 52 3. SG = BS7

4. Sy

5. Sg

6. 51

Obr.: Odrolujeme jedno pismeno; zvy%ok je poz. =1 (mod 3).
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Konstrukcia SA

1 2 4 5 7 8 1011 13 0 3 6 9 12
ABBABABABBA$S$S ABBABABABBA$S$S

0.510 0. S3

1. Sy 1. Sy

2 Sy 2. Sy

3. Sy 3. Sg

. Sy

5. Sg

6. 51

Obr.: Ako tieto dve utriedené polia zmerge-ujeme?
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Konstrukcia SA

1 2 4 5 7 8 1011 13 0 3 6 9 12
ABBABABABBA$S$S ABBABABABBAS$S$S
0.510 = ASh 0. S3 = AS; = ABSs
1. Sy = ABSy 1. Sy = AS; = ABSy

2. S; = ASy 2. Sg = BS19 = BASI:

s. Sy = BAS, 5. S¢ = BS; = BASy
1+ Sy =BSs

5. Sg = BBSig

6. Sl = BSQ

Obr.: Odrolujeme jedno alebo dve pismena.
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Konstrukcia SA

ZloZitost:
e T(n)=

° ( n) — rekurzivne volanie
e +0(n) — triedenie =0 (mod 3)

e +0(n) — merge

LA)H\)

39/60



Konstrukcia SA

ZloZitost:
e T(n)=
° T(%n) — rekurzivne volanie
e +0(n) — triedenie =0 (mod 3)
e +0(n) — merge

Moment: ale aké rekurzivne volanie? Je to td ista dloha?
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Konstrukcia SA

ABBABABABBAS$S$S

Obr.: Za&neme s pévodnym stringom.
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Konstrukcia SA

1 4 7 10 13

ABBABABABBAS$SS

1 4 7 10

BBABABABBASS

Obr.: Vezmeme jednu képiu od pozicie 1. ..
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Konstrukcia SA

1 2 4 5 7 8 1011 13

ABBABABABBAS$S$S

1 4 T 10 2 5 8

BBABABMABBAS$S BABABABBA

Obr.: ... a priddme képiu od pozicie 2. ..
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Konstrukcia SA

1 2 4 5 7 8 1011 13

ABBABABABBAS$S$S

1 4 T 10 2 5 8

BBABABMABBAS$S BABABABBA

Obr.: ... a priddme képiu od pozicie 2. ..

Ak budeme kazdu trojicu znakov povaZovat za 1 pismeno, tak
sufixy tohto stringu zodpovedaju sufixom na poz. =0,1 (mod 3) v
povodnom stringu.
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Konstrukcia SA

1 2 4 5 7 8 1011 13

ABBABABABBAS$S$S

1 4 T 10 2 5 8

BBABABMABBAS$S BABABABBA

Obr.: ... a priddme képiu od pozicie 2. ..

Ak budeme kazdu trojicu znakov povaZovat za 1 pismeno, tak
sufixy tohto stringu zodpovedaju sufixom na poz. =0,1 (mod 3) v
povodnom stringu.

Problém: Velkd abeceda — bude porovndvanie znakov v O(1)?
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Konstrukcia SA

5 7 8 10 11 13 A$$—>a
ABBABABABBA$$$ ABA — b

1 4 7 10 2 5 8 ABB — ¢
BBABABKABBEBAS$S BABABARBBA BAB — d
BBA — e

Obr.: Riegenie: trojic je malo, takZe si ich mdZeme pretislovat.
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Konstrukcia SA

7 8 10 11 13 A$$—>a
ABBABABABBA$$$ ABA — b
4 7 10 5 ABB — c
[BBAI[BABIIABBIIA$$I IBABIIABAHBBAI BAB — d
BBA — e

edcadbe

Obr.: Takto ostane abeceda mald. Rekurzivne sa zavoldme na string
edcadbe. Vysledné sufixové pole musime nésledne pretislovat: sufixy
0,1,2,3 zodpovedaju poziciam 1,4,7,10 a sufixy za polovicou: 4,5,6
zodpovedaju poziciam 2,5,8.
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1
01234567890

position
mississippi] input s
suffixes mod 1 suffixes mod 2
[issliss[ipp[io0[ssi[ssil[ppi] triples
3.3 2 1 5 5 4 triple names
: B 12
recursive | call
7 L sAl2
4 3 2 1 7 6 5 AR

sorted suffixes mod 0 sorted suffixes mod 1, 2, sal2

7 |4 |1 (8 |5 2 | positionins
ppl{ss2|ss3| repr. for 0-2 compare
i5 |i6 |i7 repr. for 0—1 compare

[10T7 T4 T1 To T9 18 6 [3 15 [2 ] suffixaraySA
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Konstrukcia SA

Algoritmus:
e SAL2 — zotriedime pozicie = 1,2 (mod 3):
o vytvorime string s dizky n’ = n:
o vytvorime s12 tak, e zretazime s[1...] a s[2.. ]
o zredukujeme abecedu: radix-sortom utriedime vsetky trojice
znakov v s12 a prepi@eme ich na znaky 1,... k

o rekurzivne zavoldme SA(s’)
e vo vysledku preéislujeme indexy:

e ak i< [n'/2] — 3i+1
o ak i>[n)2] — 3(i—[n/2])+2
o SA® — zotriedime pozicie =0 (mod 3):
o radix-sortom podla prvého pismena a pozicie v SAL?
o zmergujeme SAL? a SA?
e podla prvého alebo prvych dvoch pismen a pozicie v SAM?
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(a)
NOVUN VN VN N N YA AN Y
[tJeft[eftfeglt]glclafc[cle[$]
0 1 2 3 4 5 6 7 8 9 10 11 12 13

(b)
t e ]
e[t &g ]

(i
=
w

weo) [e]t[efcTa]
oo [afclcle[$]
T9..13 “
T13..13]
T [ 3 3 2 | | 0 |
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a

¢}

g

'
[

\-type [ “type

N-type [ “type

\-type [ “type

\-type
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g

t

-1|-1|-1

-1|-1|5|3|1

EERERER
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SV SNVSNVYSNSS VAN Y
ETeleTelt[elcTelcalc]cTels]
L R S B S N RS NS

2 |c (3
Lele BT 1] ENENEN

a & .
Cale [ET -] ENENER

a | €
[KENEEN N ERER ENEREN

Do
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N VN VN VN NN v s ANy
[ETeltTeTe[e[t[efclalclclels]
L I A T e i e
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i1o]
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7o)
P [ .
[ K50 0 N 2 A N N G K N )|
T T
o 3
Els E = s el
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P g . 3
N N 8 N 1 2 N EN N CEN

Do
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L4 [ — T

2 0

[3] [s] O[2]4] [s]
(OCCOMOMOMO)
L+

Suffix links are shown in dotted line.

Figure 1: The suffix tree for “ababac$,” and its balanced parentheses representation

Do
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[qiD)] Arowow exyxo

CommonCrawl Wiki

1000G

BeDivSufSort [33)

[31]
BRSADS [40]

08 Deep-Shallow

BeMSufSort [29] DOSACA-K [37]

BEDC3 [20]

BEBPR [43]

TRGSACA [3)

B gsufsort [26]

DBSAIS-LITE [34] BESAIS [40]
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time [min]

=)
&

=

S

£

o

£

£

B

g

Cere Einstein.en.txt Para

BEBPR [43] BeDC3 [20] D8 Deep-Shallow [31] BB DivSufSort [33]
BEGSACA [3] MSufSort [29] DESACA-K [37] BESADS [40]
DBSAIS-LITE [34] BESAIS [40] Bugsufsort [26]

u}
o)
I
i
it

Qe

58 /60



time [s]

100 |- g
(=2}
~
o
I~
~ ~ )
< : X —
N - _ 0
50 - ~ 2 o
: o 8 0 ™
=2} = ANl w3 —
&R o Fea <« o« % SR =8 oo [ 1
Y GERAREEE © 0 S N[AWS o 22 S
- — - M S ™ — M —
< o — Rl T

DNA English Sources Proteins XML

BEDivSufSort (partial parallel) [33]  BEpar DivSufSort [25]
DEGPU Prefix Doubler [this paper] ~ BECPU Prefix Doubler (based on [41])
BEpSAscan in-memory version [18]

Do
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i 1 23 45 67
Hg¢ [0 3 1 0 2 0 0
SA [7 1 3 5 2 4 6

SA+Hgt|7 4 4 5 4 4 6

Figure 2: How to create a sorted sequence from Hgt.

60 /60



