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Vybrané partie z dátových štruktúr
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priemerná čas. zlož.
=⇒
očakávaná čas. zlož.
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rodina hešovaćıch funkcíı H

h ∈R H
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H je univerzálna ak

∀x1 6= x2 : Pr
h∈RH

[h(x1) = h(x2)]≤ 1/n
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H je 1-nezávislá, ak

∀x ,y : Pr
h∈RH

[h(x1) = y ] = 1/n
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H je 1-nezávislá, ak

∀x ,y : Pr
h∈RH

[h(x1) = y ] = O(1/n)

8 / 34



H je k-nezávislá, ak

∀x1, . . . ,xk︸ ︷︷ ︸
rôzne

,y1, . . . ,yk : Pr
h∈RH

[h(x1) = y1∧·· ·∧h(xk) = yk ] =O(1/nk)

∀x ,y : Prh[h(x) = y ] = O(1/n) a pre rôzne x1, . . . ,xk sú náhodné
premenné h(x1), . . . ,h(xk) skoro nezávislé
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10 / 34



x 7→ (ax mod p) mod n je univerzálna

x 7→ (ax) >> (w −k) (ak n = 2k a register má w bitov) je
univerzálna

x 7→ ((ax +b) mod p) mod n sú 2-nezávislé (a,b ∈ Zp, a 6= 0)

všeobecne x 7→ ((akx
k + · · ·+a1x +a0) mod p) mod n sú

k-nezávislé

jednoduché tabulačné hešovanie je 3-nezávislé

vygenerujeme si tabul’ky T1, . . . ,Tc vel’kosti u1/c s úplne
náhodnou hešovacou fn.;
na x ∈ U sa pozeráme ako na vektor x = x1 · · ·xc a
h(x) = T1(x1)⊕·· ·⊕Tc(xc)
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k-nezávislé
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k-nezávislé
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hešovanie so zret’azeńım O(1) univerzálna rodina H
lineárne sondovanie O(1/ε2) n ≥ (1 + ε)m

O(1/ε2) 5-nezávislá rodina H
O(1/ε2) tabulačné hešovanie
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dá sa vyhl’adávanie v O(1) v najhořsom pŕıpade?
čo keby sme vedeli všetky prvky dopredu?
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Perfektné hešovanie
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Narodeninový paradox
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1×
(

1− 1

365

)
×
(

1− 2

365

)
×·· ·×

(
1− n−1

365

)
ex ≈ 1 + x

≈ 1 · e−1/365 · e−2/365 · · ·e−(n−1)/365 = e−(n(n−1)/2)/365
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(FKS’84) dve úrovne hešovania, namiesto zret’azenia tabul’ku
kvadratickej vel’kosti

24 / 34



E[#koĺızíı] = m2 ·O(1/n)≤ 1/2 pre dost’ vel’ké n = Θ(m2)

žiadna koĺızia s pp. aspoň 1/2 (Markov: Pr[X ≥ kµ]≤ 1/k)

E[∑t C
2
t ] = ∑t E[C 2

t ] = O(E[#koĺızíı]) +O(n)

= m2 ·O(1/n) = O(n) pre m = Θ(n)
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Kukučie hešovanie
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máme 2 tabul’ky A, B d́lžky 2m a 2 hešovacie funkcie f ,g

hl’adanie: prvok x je vždy v A[f (x)] alebo B[g(x)]
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Riešenie koĺızíı zret’azeńım
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Kol’ko prvkov sa zahešuje na tú
”
najvyt’aženeǰsiu“ poźıciu?
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Pi = #prvkov, ktoré sa zahešujú na poźıciu i

kol’ko je maxPi?

37 / 34



nech p = 1/n = Pr[prvok zahešujeme na konkrétnu poźıciu]

nech q = 1−p = Pr[prvok zahešuje inde]

Pr[Pi = k] =

(
n

k

)
pkqn−k
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Pr[Pi = k] =
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n

k
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1
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Pr[Pi = k] =

(
n

k

)
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1/ekk ≤ Pr[Pi = k]≤ (e/k)k

Pr[Pi = k] =
1

kΘ(k)
=

1

eΘ(k logk)

pre k = lnn/3 ln lnn je aspoň 1/e 3
√
n

=⇒ očakávaný počet poźıcíı, ktoré prekročia k je Ω(n2/3)

45 / 34



1/ekk ≤ Pr[Pi = k]≤ (e/k)k

Pr[Pi = k] =
1

kΘ(k)
=

1

eΘ(k logk)

pre k = lnn/3 ln lnn je aspoň 1/e 3
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Pr[Pi ≥ `] =
n

∑
k=`

(e/k)k︸ ︷︷ ︸
≤(e/`)k

≤ (e/`)`(1+e/`+(e/`)2 + · · ·) = Θ((e/`)`)

49 / 34



Pr[Pi ≥ `]≤ (e/`)` · [1/(1− e/`)]

pre ` = d(3 lnn)/ ln lnne dostaneme Pr ≤ 1/n2

n

∑
k=1

pkO(k2)

pk ∼ 1/exp(k)

=⇒ ∑pkO(k2) = O(1)

50 / 34



Pr[Pi ≥ `]≤ (e/`)` · [1/(1− e/`)]

pre ` = d(3 lnn)/ ln lnne dostaneme Pr ≤ 1/n2

n

∑
k=1

pkO(k2)

pk ∼ 1/exp(k)

=⇒ ∑pkO(k2) = O(1)

51 / 34


